The economic-statistical design of the synthetic np chart with estimated process parameter is presented in this study. The effect of process parameter estimation on the expected cost of the synthetic np chart is investigated with the imposed statistical constraints. The minimum number of preliminary subgroups is determined where an almost similar expected cost to the known process parameter case is desired for the given cost model parameters. However, the available number of preliminary subgroups in practice is usually limited, especially when the number of preliminary subgroups is large. Consequently, the optimal chart parameters of the synthetic np chart are computed by considering the practical number of preliminary subgroups in which the cost function is minimized. This leads to a lower expected cost compared to that of adopting the optimal chart parameter corresponding to the known process parameter case.
Introduction
Control charts are generally implemented in two phases, i.e. Phase-I and Phase-II. The process parameter is estimated from an in-control reference sample in Phase-I since the process parameter is rarely known in practice. Then this estimate is used to construct the control limit for process monitoring in Phase-II. When the chart statistic plotted in Phase-II falls outside the control limit, an out-of-control signal will be triggered. In the literature, the performance of control charts with estimated process parameter has been shown to be significantly different compared to that of the known process parameter case. Therefore, considerable attention was devoted to investigate the performance of control charts when the process parameters are estimated from an in-control Phase-I dataset. For example, see [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] .
The economic-statistical model of the synthetic np chart is yet to be explored by researchers in the case of process parameter estimation. Therefore, this study focuses on investigating the effect of process parameter estimation on the expected cost of the economic-statistical model of the upper-sided synthetic np chart for detecting increases in the process fraction non-conforming. The economic performance of the synthetic np chart with estimated process parameter is investigated by adopting the optimal chart parameters corresponding to the known process parameter case. In addition, the minimum number of preliminary subgroups required PLOS ONE PLOS ONE | https://doi.org/10.1371/journal.pone.0230994 April 8, 2020 1 / 11 a1111111111 a1111111111 a1111111111 a1111111111 a1111111111
for the process parameter estimation is also determined such that the cost associated with the estimated process parameter case is almost similar to that of the known process parameter case. An alternative approach is also introduced in this study, where the optimal combination of chart parameters of the synthetic np chart is computed by minimizing the cost function, in which the number of preliminary subgroups is taken into consideration.
Synthetic np chart with estimated process parameter
In this section, we derive the average run length of the upper-sided synthetic np chart with estimated process parameter. The Phase-I dataset comprises samples {X i,1 , X i,2 , X i,3 , . . ., X i,n } of size n, for i = 1, 2, 3,. . ., m, where m is the number of preliminary subgroups. The synthetic np chart consists of two sub-charts: the np sub-chart (with upper control limit UCL) and the conforming run length sub-chart (with lower control limit L), where L is a positive integer. The process parameter is the process fraction non-conforming p = τp 0 . Note that p = p 0 (τ = 1) when the process is in-control, while p = p 1 (τ > 1) for detecting increases in the process fraction non-conforming when the process is out-of-control, where τ is the shift size. The upper control limit of the np sub-chart with estimated process parameter is given as
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where b�c denotes the rounded down integer, k is the coefficient of the UCL andp 0 ¼ x mn is an estimator of process parameter p 0 , for x 2 {0, 1, 2, . . ., mn-1, mn}. Letŷ be the probability that a chart statistic (i.e. number X i of non-conforming units in the sample) is plotted above UCL, thenŷ
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where F(�|n,p) is the cumulative distribution function of a binomial random variable with parameters (n, p). Let ARL ¼ 1 yð1À ð1ÀŷÞ L Þ be the conditional average run length of the synthetic np chart with estimated process parameter and let f(x|mn,p 0 ) be the probability density function of a binomial random variable with parameters (mn, p 0 ). Then the unconditional average run length of the synthetic np chart with estimated process parameter is calculated as
where x min ¼ maxð0; bmnp 0 À 10 ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi mnp 0 ð1 À p 0 Þ p cÞ and x max ¼ dmnp 0 À 10 ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi mnp 0 ð1 À p 0 Þ p e. As in [11] [12] [13] , the same formulae of x min and x max are used to compute the ARL for the np type chart with estimated process parameter. Note that the unconditional ARL in Eq (2) is derived as a summation of the product of the conditional ARL (i.e. ARL) and the in-control probability mass function of the binomial random variable (i.e. f(x|mn,p 0 )) since this probability is related to Phase-I with the process parameter of p 0 [12] . Here, ARL = ARL 0 (τ = 1) when the process is in-control, while ARL = ARL 1 (τ > 1) when the process is out-of-control. Note that when the process parameter is known, the average run length of the synthetic np chart is
where θ = 1−F(UCL|n,p). Here, UCL ¼ bnp 0 þ k ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi ffi np 0 ð1 À p 0 Þ p c.
Economic-statistical design of the synthetic np chart
Numerous research works on the economic and economic-statistical designs of control charts were using the cost model developed by Lorenzen and Vance [14] . For example, see [15] [16] [17] [18] [19] [20] [21] [22] . The Lorenzen and Vance's cost model is a general model applicable to various types of control charts regardless of the statistic used and the calculation of the statistical properties requires the ARL criterion. In this study, the cost function in Lorenzen and Vance [14] is used for the economic-statistical design of the synthetic np chart with estimated process parameter and the expected cost per unit time of the cost model is calculated as
where C 0 is the cost of producing non-conformities when the process is in-control; λ is the process failure rate; C 1 is the cost of producing non-conformities when the process is out-ofcontrol; � ¼ 1 l À h e lh À 1 is the expected time of occurrence of an assignable causes; E is the time to sample and chart one item; h is the sampling interval; r 1 = 1 if the production continues during the search for an assignable cause, while r 1 = 0 if the production stops during the search for an assignable cause; r 2 = 1 if the production continues during repair, while r 2 = 0 if the production stops during repair; T 1 is the expected time to find an assignable cause; T 2 is the expected time to repair the process; s ¼ 1 e lh À 1 is the expected number of samples taken when the process is in-control; Y is the cost per false alarm; W is the cost to locate an assignable cause and repair the process; a is the fixed cost per sample; b is the variable cost per unit sampled; and T 0 is the expected time spent searching for a false alarm.
The following statistical constraints are imposed to achieve the required statistical performance of the synthetic np chart:
where ARL L is the desired lower limit of the in-control statistical constraint and ARL U is the desired upper limit of the out-of-control statistical constraint. The optimal chart parameters (k, L, n, h) of the synthetic np chart are obtained using Evolver (add-in Microsoft Excel solver), in which the expected cost in Eq (4) is minimized with the imposed statistical constraints in Eq (5), subject to k > 0.01, L � 1, n � 1 and 0.01 < h < 8, where L and n are positive integers.
Effect of the process parameter estimation on the expected cost
In this study, the input parameters of the cost function for the economic-statistical design of the synthetic np chart are the cost model parameters as follows: Table 1 lists the values of these parameters for 29 cases with the bolded value in each row indicating the parameter that is varied for each case. Table 2 lists the optimal chart parameters of the synthetic np chart with the corresponding values of ARL 0 , ARL 1 and expected cost under the assumption of the known process parameter. The optimal chart parameters in Table 2 are used to compute the expected cost of the synthetic np chart with different values of m 2 {10, 20, 50, 100} for the estimated process parameter case and m = 1 for the known process parameter case, where these expected costs are provided in Table 3 .
In comparison to the expected cost of the synthetic np chart with known process parameter, the difference in the expected cost (difference in cost in Table 3 ) of the synthetic np chart with estimated process parameter computed using the optimal chart parameters of the known process parameter case is calculated as cost m −cost 1 , where cost m is the expected cost of the estimated process parameter case and cost 1 is the expected cost of the known process parameter case. Note that a positive value indicates that the expected cost of the estimated process parameter case is higher than that of the known process parameter case, while a negative value Case 
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Economic-statistical design of synthetic np chart with estimated process parameter indicates that the expected cost of the estimated process parameter case is lower than that of the known process parameter case. In Table 3 , it is noticeable that the expected cost of the synthetic np charts with estimated process parameter (m = 10, 20, 50, 100) is higher compared to that of the corresponding chart with known process parameter (m = 1) since the differences in the expected costs are all positive values. For example, the optimal chart parameters in Case 4 are (k, L, n, h) = (2.2560, 9, 82, 3.13) when the process parameter is known and the expected cost is computed as $475.96. By adopting these chart parameters, that are (k, L, n, h) = (2.2560, 9, 82, 3.13), the expected costs per hour are $540.18, $503.49, $487.52 and $478.69 for the estimated process parameter cases with number of subgroups m = 10, 20, 50 and 100, respectively. Therefore, the expected costs have increased by $64.22, $27.53, $11.56 and $2.73 for m = 10, 20, 50 and 100, respectively when the optimal chart parameters corresponding to the known process parameter case are used to compute the expected cost of estimated process parameter case. This shows that the increase in the expected cost is larger when the value of m is smaller, indicating that the expected cost of the estimated process parameter case deviates significantly from that of the known process parameter case, especially when the value of m is small.
Effect of the number of preliminary subgroups on the expected cost
The results in the previous section show that when m decreases, the difference between the expected cost for known and estimated process parameter cases increases. Therefore, it is inappropriate to calculate the expected cost of the estimated process parameter case by adopting the optimal chart parameters associated with the known process parameter case. For this reason, the minimum number of preliminary subgroups in Phase-I (i.e. minimum value of m) is determined in this section, such that the performance of the np chart with estimated process parameter is approximately similar to that of the corresponding chart with known process parameter. Consequently, the minimum value of m is determined in order to obtain a nearly similar expected cost as the known process parameter case, in which the percentage of difference in the expected cost between the known and estimated process parameter cases is less than 0.01%, where the formulation is given as follows:
where cost m denotes the expected cost associated with the estimated process parameter case and cost 1 denotes the expected cost associated with the known process parameter case. Table 4 provides the minimum value of m of the estimated process parameter based synthetic np chart, matching approximately a similar expected cost value to the corresponding chart with known process parameter, where the chart parameters in Table 2 are considered. In Table 4 , it can be seen that the minimum values of m satisfying Eq (6) for all the given cases are larger than 250, except for Cases 5-7 when the shift size is large (τ � 2.2).
Optimal design of the cost model with estimated process parameter
In practice, practitioners are usually interested to use a small number of preliminary subgroups to estimate the process parameter in Phase-I since using a large number of Phase-I samples can be practically infeasible. To address this issue, an alternative approach is proposed in this study, where a model for the economic-statistical design is developed by computing the optimal chart parameters which take the number of preliminary subgroups into account when designing the synthetic np chart with estimated process parameter. For this alternative approach, the optimal chart parameters of the synthetic np chart with estimated process parameter are computed by minimizing the expected cost. The optimization procedure of the economic-statistical design of the synthetic np chart with estimated process parameter is illustrated as follows:
Step 1. Specify the values of m and τ.
Step 2. Determine the values of the cost model parameters, which are C 0 , C 1 , E, T 0 , T 1 , T 2 , Y, W, a, b, r 1 and r 2 .
Step 3. Determine the statistical constraints in Eq (5).
Step 4. Calculate UCL using Eq (1).
Step 5. Calculate ARL 0 (when τ = 1) and ARL 1 (when τ > 1) using Eq (2).
Step 6. Minimize the cost function in Eq (4) to obtain the lowest expected cost. 
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Step 7. The chart parameters (k, L, n, h) associated with the lowest expected cost are the optimal chart parameters for the synthetic np chart with estimated process parameter. These optimal chart parameters can be used to compute the control limit of the synthetic np chart for Phase-II process monitoring.
By employing the aforementioned procedure, Table 5 summarizes the expected cost of the synthetic np chart for m = 10, 20, 50 and 100 associated with the optimal chart parameters of the estimated process parameter case, instead of adopting the optimal chart parameters corresponding to the known process parameter case. In Table 5 , it can be seen that with the implementation of the new design model, the synthetic np chart has a lower expected cost compared with adopting the chart parameters corresponding to the known process parameter case. For example, by referring to Case 8, the expected cost computed using the optimal chart parameters associated with the known process parameter case are $422.93, $391.70, $378.49 and $371.30 for m = 10, 20, 50 and 100, respectively (see Table 3 ); while the expected cost obtained by adopting the optimal chart parameter corresponding to the estimated process parameter Table 5 ). Therefore, the optimal chart parameters computed based on the new design model allow a reduction in the expected cost compared with using the chart parameters corresponding to the known process parameter case.
process parameter case. The results show that the minimum number of preliminary subgroups is large (i.e. more than 250) in most cases. This shows that a larger number of preliminary subgroups is required in order to have the expected cost that is almost similar to that of the np chart with known process parameter. An alternative approach in designing the synthetic np chart with estimated process parameter is also introduced by computing the optimal chart parameters, subject to the imposed statistical constraints so that the expected cost is minimized.
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